CHAPTER XXX. 


INTEGRATION. CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION. TAYLOR’S THEOREM. 


1266. Definition of Integration for a Function of a Complex 
Variable. 

Let f(z) be any single-valued function of z, and let any path 
of z on the z-plane be selected which does not pass through a 
point which makes f{z) infinite, and along which the change 
in f(z) is continuous. 


Fig. 377. 


Let Zo, 21, Zo» +++ Zn» 2n41 (=2) be an infinitesimally close array 
of points on this path from an initial point Po, (29), to another 
point P, (z). 

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

(2,— Zo) f (2) + (2.—2) f(@)+ (2g — 20) f (C)+ -+ (2—Zn) f (Zn); 
when the moduli 

lizo Izl [23-22] --- 22a 
419 
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are each indefinitely decreased, so that the successive elements 
of the z-path are all infinitesimally small, is called the integral 
of f(z) dz for the selected path, and is denoted by 


Y JS (2 dz. 


1267. Obviously, the last term of the series, having an 
infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term (z,—Zn_1)f(%n_), as in the case of a function 
of a real variable (Arts. 11 and 12). 


1268. This definition clearly includes that of functions of: 
a real variable (Art. 11) as a particular case, the “selected 
path” for the variation of œ in that case lying upon the 
L-axis, 


1269. General Properties of an Integral. 
Properties of the integral, corresponding to those of Articles 
322, etc., for a real variable, may be established. Let w,=/f(z,). 
Then, in the first place, it is immaterial whether we consider 
the limit, when n is œ, of 
(2, — 2o) Wot (2. —2,) W + (23—22) W+ - -+ (Znş1— Zn) Wn ++» = (4), 
or of 
(21—20) W, + (22—24) w+ (23%) W3 + see + (2n41— 2n) Wns ++» = (B). 
For the difference of these expressions, viz. (B)— (4), is 
(2 — 2o) (w, — Wo) + (22—%) (w.—W,) PF eon (2n41— Zn) (Wn — Wn), 
in which*the number of terms is n+1, which is ultimately 
infinite, but an infinity “of the first order,” if we regard 
MA as an infinitesimal of the first order. 
n+1 
Let the greatest of the moduli of the several terms be 
|2-—Z,_a| X |w,—w, 4], 
which is finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken infinitely close to each other, and the 
function w is continuous for variations of z along the path, 
|Z-—Z,-y| is an infinitesimal of at least the first order, and 
|w,—W,_| is also an infinitesimal of at least the first order. 
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Hence the difference of the (A) and (B) series cannot exceed 
the value of the product of 
(an infinity of the first order) x(an infinitesimal of the first 
order) X(an infinitesimal of the first order), 
ùe. a finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit. 


1270. It follows nae a w=f(z) 
[v e=f foa S z ird fler) Serd fle 


Zo Zo 
Tan S (Zp1—2r) f (Zr) = fa f@ dz= éh w dz. 
1 z 
1271. Again, since the sum of the series 


(2, — 20) f (20) + (2—2) f (1) + (23—22) f (Ze) + --- + (2— 2n) f (Zn) 
may be divided into any number of portions which together 
make up the whole series, we have 


fis (2) d+ [° fe) dz+ | j fle) dz+...+ | ‘ fl) de—|" fle) de, 


where &, &, &,--- ¢ are the values of z at any points taken 
in order upon the selected path from 2, to z. 


1272. Again, consider 3 [J (z) + F (2)] dz. 


Provided we follow the same z-path of integration in both 
cases, and that both f and F are finite and continuous between 
the points z and z on this eee 


f, JO dz=Lt $; (erz) fle), 


Fiò dz=Lt 3 (2r41—2,) F (Z,). 
0 
Hence " 


[ serdex | PQ d= LED Gore) f)£F 
=| e+ Fold 


And the same is true if there be any finite number of 
functions. 
Also, somewhat more generally, if “ne ve (z) stand for 


A, f,@)+Aefo(2) 
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for a finite number of functions, where A,, A,,..., are all 
independent of z, then 


a IAr fe (2) dz= zf Ar fel) dz, 
% ra 


so long as the same z-path is followed in each integration, and 
the conditions as to being finite and continuous from z, to z 
are satisfied. by each of the functions. 

The coefficients A, may be any whatever, provided they are 
not functions of z, and the number of terms in the summation 
is finite. 

And further, in these results each function has been sup- 
posed single-valued, or if not, that the same branch is adhered 
to throughout the integration in each case. 


1273. So long as the path of integration from 2 to z is 
finite, and passes through no critical points of f(z), i.e. points 
for which f(z) becomes infinite, and is a continuous path so 


far as variations of f(z) are concerned, the integral f f(z)dz 
must be finite. ° 

For this integral is, by definition, 
Lt [(2,—20) f (20) + (22—21) f (2) + (23 — 22) f (2) +. -- +(2—2n) f(2n)], 
and, by supposition, none of the expressions f (Zo), f (21), --- f(Zn) 
have an infinite modulus, 

Ii mod. f(z,)=K, say, be the greatest of their moduli, the 


modulus of the integral 4 J (2) dz, which is 
: % 


> Lt È mod. (z,,.;—2,) mod. f(z,), 
is > Lt KY mod. (z,,,—2,), 
and Ltd mod. (z,,,—2,)=the are of the selected path from 
Zo to z, =S, say, which, by supposition, is finite. 
Hence the modulus of the integral is not greater than K .S, 


and is therefore finite. Hence the integral itself, f f(z) dz, is 
finite. F 

1274. When the number of functions f,(2), f,(z), f,(2), --- Jal2) 
is infinite, the functions being each single valued, or if multiple 
valued, the same branch being adhered to throughout the 
integration, the same theorem as that of Art. 1272 is true for 
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their sum, provided that the sum forms a series which is 
uniformly and unconditionally convergent,* and provided the 
z-path of the integrations lies entirely within the circle of con- 
vergence and is finite; for if we write Uj, Ug, Ws, ... for 
these functions, let f(z)=u,+ue+u,+...+%n+R,, where Ry 
is the remainder after n terms; and let the series 
uU tH uzt... to 2 

be uniformly and unconditionally convergent for all points 
within the region bounded by a circle of radius p, then, when 
n is indefinitely increased, |R,,| vanishes. 


But i | fQ-S u, | de—[ R, dz, 
Zo 1 Zo 
and if |R’| be the greatest value of |R,| along the path of 


integration, which is finite, and which lies within and does not 
cut the circle of convergence, then 


f R,delisp [f |Rde], ic > LANCA! 

Zo Zo Zo 
}|R’| x the length of the path of integration 
|R| x a finite quantity, 

and |R'| is zero, by supposition, when n is made infinite ; 


+ Ut X R, dz 
Z 


=0, and therefore i R,,dz=0, 


Zo 


whence f f(2)dz=>) f w, dz, 
Zo 1 J% 


where the path of integration is the same for each term of the 
series and the conditions of the series are as stated. 


1275. CAUCHY’S THEOREM. 

It was shown in Chapter XV. that if ¢ and y be any two 
functions of x and y which are single valued, finite, and con- 
tinuous at all points æ, y which lie within or upon a given 
closed contour I of the x-y plane, then 


CEREC 


* A knowledge of the general theory of infinite series and tests for con- 
vergency will be assumed here. The necessary information will be found in 
Professor Hobson’s Plane Trigonometry, Chapter XIV., or in the Treatise on 
the Theory of Functions, by Harkness and Morley, Chapter III. 
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the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the perimeter, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the area bounded 
by the contour is always on the left-hand side. 

Consider the function w=f(2)=f (x+y) =u +w, say. 

Then u and v being conjugate functions of æ and y (Diff. 
Calc., Art. 190), we have 


du _ w z du Ww 


ay a Be Oy 
Now, from the above theorem, we have, by two applications, 


fude- -vdy)=—{|(Z+ Sy) de dy =0 
and Jo dæ+u dy)= (ie) aeayne 
Hence | tanz [ute detu) 


fe dæ—v dy)+ [e dx+u dy) 
=). 
and the assumption in this theorem is that f(z) is synectic 
within and upon the boundary of I’ along which the integra- 
tion is conducted. Thatris, that f(z) is a single-valued, con- 
tinuous function which has no infinities, whether pole or 
essential singularity, within or upon the boundary of the 


contour. -This extremely important theorem is due to Cauchy 
(Comptes Rendus de l Acad. des Sciences, 1846). 


1276. Deformation of a Path. 

When w is a synectic function for a definite region T of the 
z-plane, let ACB, ADB be two z-paths which lie entirely within 
that region. Then it follows from Cauchy’s theorem that 


B A 
| w dz (along ADB)+ Í w dz (along BCA)=0, 
A B 
as there are no singularities in the region between the two paths. 
B B 
Hence. | w dz (along ADB) -Í w dz (along ACB). 
A A 


Hence, as far as the value of the integral is concerned, either 
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path from A to B is deformable into the other without alter- 
ing the value of fw dz along it. When one of these paths is 
the straight line AB itself, the other path is said to be “re- 


B 
se 


o iM 
Fig. 378. 

concilable with” a straight-line path of integration; and it 
will appear that such deformation of the path from A to B 
can be carried to any extent, provided that this deformation 
does not carry any part of the path of integration outside the 
boundary of the region I on the a-y plane, for which the 
function f(z) is synectic. 


1277. Differentiation of this Integral. 

Writing ¢ for z and taking f(Ẹ) as synectic throughout the 
singly connected region T of the z-plane, and starting from 
any selected point z,, viz. A in Fig. 378, and travelling along 
any path to z, viz. the point B, both terminals and path lying 
entirely within the boundary of T, we see that the integral 


f f(§ d§ is independent of the path of approach of ¢ to the 
Zo 


terminal z. Let F(z) stand for this integral. Then it follows 
that F(z) is a single-valued function of z; and it has been 
shown to be finite in Art. 1273. Let z+6z be another point 
within the region T infinitesimally close to z. Then F (z+ 682), 


+ôz 
which is f f(Ẹ) dé, is also independent of the path of approach 


of € to z4 2. We may therefore select the same path as before 
from z as far as the point z, together with any additional 
elementary path from z to z+ ôz lying within the region I’, and 
along this f(¢) remains finite and continuous by supposition. 
The difference between f(€) and f(z) for any point of this 


=l J 
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elementary path is therefore infinitesimal, and therefore we 
2+; n 
may write | f (€) dé as {f(z)+e}ôz, where the modulus of e 


is infinitesimally small, ultimately vanishing with that of dz. 
Wherefore F(z+-6z)—F(z)={f(2)+e}6z, and therefore the 
moduli of F(z+d6z)—F(z) and dz are of the same order of 
smallness.’ Hence F(z) is continuous at the point z, i.e. at any 


F (z+ 62)— 
62 


point within the region I. Also a) has a limiting 


value independent of the direction of approach of z+68z to z, 
viz. f(z), when |z| is made indefinitely small. That is F(z) 
possesses a differential coefficient. F(z) is therefore a synectic 
function of z for all points within the region T. 


1278. Definition of Integration regarded as a Solution of the 
Differential Equation w SIO 
It now appears fiir the integral I. f(Ẹ) dé defined in Art. 


1266 as the limit of a summation fond a definite starting 
point z, to a definite terminal point z along any selected path, 
both path and terminals lying within the region I’, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region f(z) is synectic, is a 


solution of the differential equation Ufe, whatever the 


starting point z, may be. And supposing Zọ to have been 
specifically selected, we may write the general solution of 


this equation as y=C+[ S(§) dé, where C is the integral from 
Zo 


any arbitrary point of the region I along any path lying 
within I to the selected point zọ. In fact, we might regard 


the notation y= o+ f. f(Ẹ df as only another way of writing 


the differential equation, but one which emphasizes the interro- 
gative character of the investigation it is proposed to conduct. 


1279. Extension of Former Definitions of Integration. Re- 
moval of Limitations. 

So long then as T is a singly connected region in the 
z-plane in which f(z) has no singularities, whether poles, 
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essential singularities or branch-points and the path of 
the integration lies entirely within the contour of T and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 


a solution of the differential equation oy _ :f(z) is established. 


Seeing that we have a mode of considering any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art. 17, Vol. I., 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with. We may therefore regard the functions 
which have been subsequently treated as subjects of integra- 
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable. 

The proofs of general propositions as to integration given in 
Chapter IX. (Art. 321 onwards), which were there established 
under the understanding as to reality of the variable and 
- single-valuedness of the function, are now superseded for the 
wider conception of the nature of the variable and the function 
by the general propositions of Arts. 1269 to 1274. 


1280. Loops. 

As the property presupposed for the function w may cease to 
hold and the function become meromorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or other singularities, it is necessary to consider, in case the 
specific region I’ should include such points, what paths there 
are in this region which are deformable into a straight-line 
path from any one point O, which may be considered the 
origin, to any other point P of the region. Also we shall have 


P 
_ to consider how the integral | w dz is affected when the path 
o 
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from O to P is not one which can be deformed into the straight 

path OP without passing through one of these singular points. 

Imagine an infinitely extensible and contractible inelastic 

thread attached at the points O and P to the plane and lying 

in the plane. Imagine a pin stuck 

perpendicularly into the plane at 

a point A. It will be obvious that 

the thread might pass on either side 

the pin, or it might loop round it 

x ns one or more times as in the paths 

in the diagram OXP, OSP (which 

is straight), OYP or OZP. In the 

case OXP the thread path can be 

deformed into the straight path 

Y OSP without moving the pin from 

the point A. But neither of the 

paths OY P, OZP can be so deformed 

whilst the thread lies in the plane 

without removing the pin. The path OXP is said to be 

“reconcilable with” a straight-line path. But the paths OYP, 
OZP are not so reconcilable. 


Fig. 379. 


1281. The path OYP is “reconcilable with” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centre at A, a straight line DO’ parallel and equal 
to OB, and O'P, and the thread OYP may be deformed into 
this “loop and line” without crossing the pin at A. 

The radius of the small circle may be regarded as any 
infifiitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the circle, so that the 
angle BAD is evanescent; the circle BCD may then be 
regarded as complete and the banks of the canal OB, O'D as 
coincident. Thus B coincides with D and O’ with O, and the 
figure will be as shown in diagram, No. 381. The portion of 
the deformation consisting of the small circle and the two banks 
of the narrow canal starting from O and terminating at O 
after passing once round the point A is technically known as 


? 


a “Loop,” and the integral fu dz taken round the circuit 
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OBCDO will be called (A), and if U, be the integral along OP 
the whole integral for the path will be (A)+U, the suffix in 
such cases denoting the number of loops that have been 
traversed before starting upon the portion of the path 
indicated hy the letter to which the suffix is attached. 

P 


© 


0. Y 
(0) Oo 
Fig. 380. Fig. 381. 

If A be an ordinary point of the plane the region within 
the small circle is synectic, as also along the canal, and (4)=0. 
The value of w on the return journey DO is the same as that 
of w on the outward path OB, and the integrations are of 
opposite sign and cancel ; and p 
the integral round the small 
circle separately vanishes. 
~ No “loop” passes twice 

round the same point A 
without first returning to the A 
starting point. The canal 
of the loop is usually but 
not necessarily taken straight 
(see Fig. 399, Art. 1294). fey 


1282. If the thread ini- 
tially lies as in the path Z 
of Fig. 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops + a straight path 
OP, as shown in Fig. 382, the points O, 0’, O” being ultimately 
coincident. The value of the integration round this path we 


shall denote by I=(AA)+U, or (A”)+U,. 


Fig. 382. 
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If the thread passes round the pin n times before reaching 
P, the thread-path will in the same way be reconcilable 
with n A-loops + a linear path, and the value of the integral 


fo dz along it will be denoted by J =(A*)+U,,. 


In the case of a single-valued function the suffixes used 
are of no account. But in the case of a multiple-valued 
function the return value after traversing a loop is not the 
same function as that with which we start encircling the 
loop. Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon.the next in order. 


1283. Next suppose there are two pins stuck perpendicu- 
larly into the plane at A and at B. There are many varieties 
of thread paths along which the thread may lie from O to P. 


(1) It may be deformable without crossing a pin (as OXP) 
into the straight line OP. 

(2) It may, if in position such as OYP, be deformable as 
before into an A-loop + a straight-line path OP. I=(A)+U,,. 

(3) It may, if in a position such as OZP, be deformable 
into several A-loops + a straight-line path OP. I=(A")+U,. 
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(4) It may, if in such a position as OTP, be deformable into 
a B-loop or into several B-loops + a straight-line path OP. 
I=(B*)+U,,. 
(5) It may be that the thread path surrounds both pins several 
times, and then the system is deformable into a set of A-loops 
and a set of B-loops together with a straight path OP, in 
which case B may be encircled ie ae (AB)+U, 
many times as A, making each time 
A hacia or (AB)*+U,,, 
a double circuit, or there may be 
| (ABY*+(AB) + Umir 
more surroundings of one pin than or (AB)"+(By)-+U 
of the other. xi ids ed 
The notation for the integrals will explain itself. 


1284. A loop round A and then round B will be called 
a “double loop.” This P 
term is often confined 
to the case when O lies 
between the points in 


question. 

A double loop is de- T 
formable as shown in fe) A 
Figs. 385, 386, and 

I=(AB)+0,, eta 


In the same way, if there be several pins A, B,C, D, say four, 
any thread path such as OX P may be deformed into four loops 
- and a straight path, and the integration will be represented by 


I=(A)+(B,)+(C,)+(D,)+U, (Figs. 387, 388), 


P 


Ua 


B A 
Fig. 386. 


or if the thread encircles a pair of pins as in Fig. 389, the 
deformation and its integration will be represented by 


I=(4)+(B)+(4:)+(B)+(C)+(D)+U, 
or (4B)+(4B)+(0)+(D)+Us- 
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If the thread encircles three pins ABC, as shown in Fig. 391, 
the deformation and the integration will be indicated by 
I=(A)+(B,)+(C.)+(43)+ (B,)+(C;)+ (Dg) + U,, 


and similarly in any other case. 


re) x 
Fig. 387. Fig. 388. 
It will appear in general then that any thread path may be 
deformed into a system of loops + a straight-line path, 
however many pins there may be. 
P 


Fig. 389. Fig. 390. 
1285. Method of Exclusion of Poles. 


When a pole exists within a contour T at a point z=a and 
not within an infinitesimal distance of the boundary, it may 
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be excluded from the integration by the artifice of altering 
the boundary, as indicated in Fig. 392, by the introduction of 
a loop so as to exclude the pole from the new contour I”. 


P 
A 
H 
B 6 D 
o C 
Fig. 391. Fig. 392. 


A small circle HFG is drawn with centre at the pole O (viz. 
z=«a), and two adjacent points of it EG are connected with 
two adjacent points DH of the original contour forming a 
narrow canal. We then regard the boundary of the contour 
I” as the curve ABCDEFGHA, and integrate round the 
amended contour. 


Q 


Fig. 393. 


The breadth of the channel DEGH may be taken as zero 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single-valued function 
along DE and GH cancel each other, and it leaves us with 
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the theorem that fro dz, round the outer boundary in the 
sense of the arrow at A, +f f(z)dz round HFG in the sense 


of the arrow at F, vanishes, it being supposed that f(z) 
possesses no singularities other than that at z=a, which lie 


within the region I. That is, the value of | F(z) dz, taken 
round the outer boundary in the positive sense, t.e. leaving 
the region always to the left-hand, is equal to | F(z) dz, taken 


round the inner boundary in the same sense relatively to 
the region bounded by and lying within the inner contour, 
as indicated in Fig. 393. 


1286. The Integral [22 dz. 


. Suppose then that fay, where ¢(z) has no factor z—a, 


so that there is a pole of f(z) at z=a, at which f(z) becomes 
infinite, and that the point æ is not within an infinitesimal 
distance of the nearest point of the boundary. 

To consider the value of | f(z)dz, taken round a small 
circular contour with centre z=a and small radius p, which 
will not cut the boundary, put 2=a + pe”. 


Then eM, dé, and if p be infinitesimally small we may 


put p(z)=$(a). 
Hence [Oa a =| p(a)edo=eg(a)” dO=2mid(a). 


This then is the value of the integral conducted round the 
small circle, which is therefore, by the previous article, the value 
of the integration round the outer boundary of the contour. 


Thus pa dz, taken round the outer boundary of the 


contour I, =2riġ (a). 

Supposing, however, that the point a lies upon the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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lying within the bounded region, cutting the contour at 
PandQ. Then after putting, as before, z=a-+ pe, the limits 
for @ will now be from —e to — (e+ r), where —e is the value 
of @ at commencing the small semicircular path at P, and 
—(e+7) is the value when the contour is recommenced at Q. 
We then have 
(2) 4 taken round the whole contour ars) 

jé qz—a a bamn, the infinitesimal arc Po) + Wg gahet, 


that is, Prin. Val. of | $O dz= mgla). 


o (z) dz 
1287. The Integral | — A aF 

Similarly, if there be several poles of f(z) lying within the 
contour T and none of them within an infinitesimal distance 
of the boundary. 

Suppose z=a,, Z=, ...2=«,, to be these poles. 

Let f(2= LER TETT DA LTE KI. Wa where ¢(z) is of degree n, 
say, in z, and possesses no factors z—a,, Z—@g, -.. OF Z—4,. 

By the rules of partial fractions, we have a result of 
the form 

F(2)=K gp T EE a aE aS 
is $(a,) en Dp 
1 (a,—a,Xa,—a,)... (4,—a,) z—a@, 
where the factor a,—a, is omitted from the denominator 
and n is supposed not less than r, or if n be less than r the 
integral polynomial part is absent. 

The first part of this expression, down to Ko, constitutes a 
function of z with no poles within the contour T, and therefore 
its integral taken round the boundary of I contributes nothing 
to the whole integral. We may construct a loop for each of 
the infinities and proceed as in the case of a single infinity. 


The term involving int taken round a small circular 


contour with centre a,, contributes to the integral 
p(s) 
(@,—@,)(4s— ao) nes (a,—4,) 
this small circle being taken of so small a radius as to exclude 
all the other poles and not to cut the boundary. 


. 2m, 
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Hence the whole integral taken round the contour, viz. 
f(z) dz, being equal to the sum of the integrals round the 


small circles which surround the several infinities, 


ey ihaili 


EAE PaT A «+. (@,—G,) 


Fig. 394. 


Tr 
the factor a,—a, being omitted, =2m>) às, Say, where the 


value of A, may be reproduced as Ltyao6f(a, +8), i.e. 
Eha cells ah s MNT Oh pagatpag Dat à 
(a,+6—4a,)(a4,+d—a,)... (a +8—a,) 
and similarly for Az, As, etc.; or by the ordinary rules of 
partial fractions. 
The effect of pole-clusters within a contour will be discussed 
in Art. 1317. 
1288. Effect of a Branch Point. 
If the function w be multiple-valued, say two-valued, but each 
branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region T of the z-plane, 


Cauchy’s theorem as to the integral of fo dz from a point Atoa 


point B of this region along a path which does not pass beyond 
the boundary of T is still true, provided that the paths from 4 
to B belong to the same branch of w; and as long as the paths 
ACB, ADB of Fig. 378 are both finite paths of the variation 
of w, lying entirely in the region I, or both finite paths of the 
variation of w,, the theorem stated is still true, viz. that 


fu dz along ACB=|w, dz along ADB 


and fos dz along ACB =u, dz along ADB. 
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When, however, the z-path encireles a branch point in one of 
these paths from A to B, the functions w, and w, interchange 


values, and the integrals of fu dz along two such paths may 
differ. 


1289. For instance, in the case of the two-valued function w defined 
by the equation w?=1 +z, we have two branches 
Mm=+N14+z w= ~VI+z, 
and there is a branch point at z= —1, and, as will be seen later, one also 
at ©. 
To examine this case, put z= —1+re, and let z travel round a small 
circle of radius r with centre at z= —1, and let us start with the branch 


w= +N 1 F2= +v re". 


wore 


s.s. =.. we 
we ait) th eens 
- 
`a 
aka 
` 
ae 


~ 
~ 
~- J> 
Vesa duanes oo 


Fig. 395. 


Then, in encircling the point —1, @ increases to 0+2r and e'? becomes 
e (0+2), 


` Hence w has changed from re’ to /re‘ (0+2) ie. to e"n/re?, and has 
g 


become —V/re', i.e. wa. 


Now, any path from O to P will be reconcilable with (1) a number of 
loops round — 1, (2) a straight-line path, and the integral will be 
I=(A")+4u,.- 
Now, (1) in case of a path such as OXP, which is reconcilable with the 
straight line OP (Fig. 395), we have 


ja f * w, dn 
(2) In case of a single TEIE NR of the branch point 
=| w de | w det f wd, 
where [ represeuts the value of the integration round the infinitesimal 


26 it 
circle; and this= f J re (ure'®) d, and vanishes when r is indefinitely 
small. se 
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-1 -l 
The third integral f” w, dz = -Í wdz= | w, dz, for w= — Wy ; 


A, (4)=2 [mds 


We thus arrive back at O with the value w=w, and with this value 
must continue along the line OP. 


Thuk i w= f wdz= — to, 
where u is the contribution of the path OP after one encirclement of A- 
Tho whole integral is therefore 
I=2 [odezw 
(3) If there be two circuits of the loop before reaching P, we have 


-} 
I=(4)+(4) += | wo, de+ |w, dz+ [rede 
AE z 
+ A wdz+ [ry de+ f" ror de+ | w, dz, 
which is evidently =u), and we note that (4,)= — (4). 
(4) It will thus appear that if there be n circuits round the branch point, 


-l 
T=[1-(-1)"} f wdz+(- 1w. 


1 - 
The value of the integral T NIF zda is [0 +t] =. 


Hence the values of the integral for the different paths are : 
(1) direct path, Uo 3 
(2) one loop+direct path, -4-—w; 
(3) two loops+direct path, to; 
(4) three loops+direct path, — $ -— uo ; 
and so on, alternating in value. 


Hence, if u= [ J1+zdz, and z is thence regarded as a function of u, 
say z=¢(u), we have z=¢(u)=(—4-— Up), indicating that two values 
of the argument lead to one and the same value of z. 


1290. In the case of any branch point at a point z=a of a 
function w=f(z—a), which is such that Lt,_,|f(z—a)dz| is 
zero, as in the case considered in Art. 1289, the contribution 
due to the circular portion of the loop is zero, being 


ico re” d0, 
0 


and vanishing with r, since Lt,=o|rf(re!)| vanishes; and the 
only contribution from the loop is that due to the two banks 
of the canal portion of the loop. 
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If the function w be two-valued, it has been seen that in 
passing round the branch point w, and w, interchange values, 
and the contribution of the loop is 


‘a 0 
1={ wdz+ Í wdet | w, dz ; A 
0 c a 
and in the case considered, viz. ye 
Lt, =q|w, dz|=0, 
| w, dz=0, Fig. 396. 
e 


whilst i We =f w,dz and [= af” w, dz=(A). 
a 0 0 


1291. More generally, if the function be n-valued, such as 
=se 
so that w=r"[cos (0+2Ar)+:ı sin (0+2A7)}", 
1 @ 
where \ =0, 1,2, ...n—1, each branch w,=a'r"e", where a=one 


of the n“ roots of unity, changes into 
1 @ 
Ww, ™ a tiree’, 
and there is a cyclical interchange of the value of w as we 


pass round successive branch points, so that w,=aw,, w3=aW,, 
and so on, and a”=1. (See Art. 1259.) 


So in this case, I =f W, de+ f w, dz 
0 a 


© becomes I=(1— af w, dz. 
0 


1292. To return to the case of a two-valued function, if 
after a description of the A-loop, starting from the origin 
with value w=w,, we pass along a second loop round another 
branch point B, we start off along the second loop with the 
value w, and return with the value w,, and for the two loops 


1={"w,d-+{ w,dz4 | w,dz 
0 c a 
b 
+I wde+ | wdz+ | w, dz 
0 e b 


a b 
= of W dz—2f w, dz 
matte o 0 
Fig. 397. me (A)— (B), say, 


> 
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and this we shall call (AB) for shortness, so that 
(AB)=(4)—(B). 
Similarly (ABC)=(A)—(B)+(C), 
(ABCD)=(A)—(B)+(C)—(), 
and so on. 
It alsco appears that in a double looping of the same branch 
point A, we have 
(AA)=(4)—(A)=0. 
In a triple looping of A, 
(44A)=(A)—(A)+(A)=(A). 
These peculiarities are indicated in the notation 
(4%*)=0, (43™4)=(4). 
So we have 
(AB)=(A)—(B), (BA)=(B)—(A), (4B)+(B4)=0, 
(ABC)=(A)—(B)+(C)=(AB) + (C)=(AB)+ (C)—(A)+(A) 
=(AB)+(CA)+(A), 
(A*BC) =(AABC)=(A)—(A)+(B)—(C)=(BC)=(AC) + (BA), 
(48BC)=(A)—(A)-+(A)—(B)+(C)=(AB)+(C) or (A)—(BC) 
or (A)+(CB). 
For a double looping of any pair, 
(ABAB)=(A)—(B)-+(A) —(B)=2(A)—2(B). 
For n-encirclings of A and B we may write 
{4B} =n(4— B). 
Again, (B)=(B)—(4)+(4)=(BA)+ (4), 
(BCD) =(B)—(C)+ (D)=(B)—(C)+ (D)—(4)+ (4) 
j =(BC)+(DA)+ (A). 


1293. It appears then that to integrate round any com- 
bination of these branch points, the whole can be expressed 
linearly in terms of integration round any one loop, say the 
A-loop, together with an integration round a combination of 
double loops round pairs of others; and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating round each of the 
separate branch points of the pair. And further, that for a 
two-valued function the value of the function on final arrival 
at O, and before starting on the straight part of the path 
from O to P, depends upon how many times the path has 
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surrounded a branch point, and the final integration along the 
straight path adds +u if an even number of circlings has 
been effected, and — uy if the number be odd. 

Thus, if O be the origin, and there be branch points at 
A, B,C, D, E, F, G, H, a path in which B, C, A, D, E, F, A, H 
are successively looped before returning to O, and then passing 
to P, will give the integral of a two-branched function 


(B)—(C)+(4)—(D)+(E)— (F)+(4)—(E)+(— 1) uo, 
and integration for a path for the loops round B, C, A, D, E 
will give 
(B)—(0)+(4)—(D)+(E)—(4)+(4)+(— 1) uo, 
and these may be respectively written 
(BC)+(4D)+(EF)+(4H)+uo, 
(BC)+(4D)+(E4)+(4)— uo. 
Now, if there be n critical points A, B,C, D,..., there are 
we sets of differences (we omit the brackets for short), 
A—B, A-—C, A—D, A-HE.,..., 
B—C, B—D, B-E,..., 
OD, Dice Beas. 5 
D—E, ..., 
and only n—1 of them are independent, say 
A—B, B-C, C-D, D-E.,...; 
for any other, such as B— E, may be expressed as 
(B—C)+(C—D)+(D—£). 
Hence the value of fo dz taken along any path from O to P 
must take one or other of the following forms : 
d (4B)+ u (BO)+v (CD)+ ... +x (EF)+ uo, 
or AX (AB)+ w (BO)+v (CD)+...+x'(EF)+(4)— ug, 
where A, u, v,..., A’, W, ’,..., are integers, positive or negative. 
1294. If there be no branch point at infinity, and if w 
remains finite and continuous for all other points of the z-plane, 


an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops, 
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each passing round a branch point once, as in Fig. 398; or in 
case they lie in a straight line, as in Fig. 399; and the region 


Fig. 398. 


between this circle and the loop system being synectic, we have 
fe dz, taken round the infinite circle, =(4)—(B)+(C)—(D)+..., 
and fe dz round the infinite circle will be a definite quantity 
which, in such cases as 
EE IPESE E AnS 1a. CAT land © eee 
(2—4,) (2— ao) (2— 4g) (2— a) 
w = ea : j 
(z—a,) (2— a) (z — ag) (2— 44) (z — a5) (z— a6) 
will vanish. For, taking the first of these, and putting 


2=Re® (R=0), t.d; 


or 


1 2r dé 


and similarly in the second expression. 


Fig. 399. 
Thus in such cases there is a relation amongst these differ- 
ences, viz. (A)—(B)+(C)—(D)+...=0. 


In the case of four branch points, the independent differences 
will reduce from three, {(A)—(B), (B)—(C), (C)—(D)}, to two, 
say (4)— (B), (B)—(C). 
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And the forms possible for the value of the integration 

along paths from O to P will be comprised in 
I=) (AB)+ u (BC)+%, 
I=)'(AB)+ w (BC)+(A)— uo. 

1295. Representation for Large Values of z; Branch Points at 
Infinity. 

To represent the nature of the function for values of z at an 
infinite distance from the origin, take a third variable z’, such 
that zz’=1, and represent the travels of z on a plane of its 
own. Then, for points z on the z-plane which are at great 
distance from the origin O, the points 2’ on the z’-plane are 
near the new origin O’ on the 2’-plane. 

Taking the function 

eR Na nd li 
N (z— a,) (2 — aa) (2 — ag) ... (Z— an) 
which is a branch of a two-valued function, let us find the 
branch points. 

Let O be the origin on the z-plane A,, Áo, ... Án, the several 
points z =d z=a,, Z= ly ens and let P be the point z. 

Let z=0 Hr e%=a,+1e%=a4,+17,6%=.... 

1 


Then w. m eet: 
1 VTP Se et (Orta t 8st...) 


Let P describe a small circle round any one of the points, 
say a,. Then, after the completion of this circle, 7,, Ta, Tg, ... 
and 03, 03, ,,... have resumed their original values, but 6, has 
become 0 +27. 


‘ WwW, . 
Hence the function w, has become at t.e. —W, OF wW, and 


therefore there is a change of branch at 4A,. Similarly at 
A,, Ag, ..-.. Now consider the case when z=o. 
Using the other representation we have, writing a=}, 
PEPA ete., > 
as 


bat yGasrerag 
1 nd Gh he ig «4 Oy, i 


vWF SoS 
eb SE ees 
FPS aye ae 


and we have to consider the behaviour of this function for 
values of z’ near the origin O’ on the 2’-plane. 
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Putting 2’=re’, we have ultimately, when r is very small, 


n n? 
w=re ?, and when 2’ is made to describe a small circle of 
radius r about the z’-origin O’, 0’ has changed by 27, and the 
function becomes multiplied by e*, i.e. by 
=- (cosnw-+isinnz) or cos. 

Hence, if n be even, w, remains unchanged, but if n be odd 
w, changes into —w,, i.e. there is a change from branch w, to 
branch w,. 


1296, Thus, in the cases 
1 1 
w=- and w=, 
~(z—a,)(z— a) v (2 —a;) (2 — Gq) (2 — ag) (2 — a4) 

there are respectively two and four branch points, viz. z=a, 
and z=a, in the first, and z=a,, z=a,, z=a,, z=a, in the 
second, but none at cc. 

But in the cases 

1 1 


Ten aje—ayesay A ““Te=aje a) e—a)e-aye—a) 


there are branch points at a, d,, a, in the first, and at 
Qi, Q2, Qg, Qg, a; in the second, and in both these cases there is 
also a branch point at o. 

In the latter cases the loop system, when represented on 
the z’-plane, will be as discussed previously, the origin being 
also a branch point. But if represented by loops on the 
z-plane, we have (taking the case of three factors) @,, aa, ag, 2 
as branch points at A, B, C, D respectively, the latter at infinity, 
and, as in Art. 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CD). 
But writing w={(z—a,)(z—az) (z—a,)}-3, we have 


(AD)=2 | sae (BD)=2| ‘cle (0D) =2 | o di, 

a aa az 

and we shall show that (BD)=(AD)+(CD), which reduces the 
three apparently independent pairs to two really independent 
ones. For | wdz taken round any finite contour in the finite 


part of the z-plane, which does not include A, B or C and 
cannot include D, vanishes; and such a contour is deformable 
into an infinite contour, such as indicated in Fig. 400, with 


www.rcin.org.pl 


BRANCH POINTS. 445 


loops excluding the branch points. Therefore |wdz round this 


deformed contour also vanishes. For convenience this defor- 
mation may be taken as a circle of 
infinite radius centred at the-origin, 
with four loops excluding the branch 
points, the canals of A, B, C being of 
infinite length and that of D finite. 
The contribution to the integral 


fua which accrues from these 


loops amounts to (A) —(B)-+(C)-(D), 
i.e. to (AD)-—(BD)+(CD). The re- 
mainder of the contour, which 
consists of infinite circular arcs, 
along each of which the same 
branch of w is adhered to, and which Ci 

each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral. For taking any of 
these ares, say from 0=a to 0=£ß, where z= Re” and a< 8B<2r, 
we have fu d= f zw d0, and therefore 


B 
mod. fo dz=mod. | zw d0 > f mod. (zw) dé. 


But mod. (zw) tends continually to a limit zero as mod. z is in- 
definitely increased, and if K be its greatest value for points 


B 
on the arc from ĝ=a to e=, | mod. (zw) d@ is positive and 


<K(8—a), and therefore also tends to a zero limit. Hence 
the whole integral for the deformed contour is that due to 
the four loops only, viz. (AD)—(BD)+(CD), which therefore 
vanishes. It follows that the only possible values of the integral 


w=" by iV paa pa ge are of one or other of the forms 
z J(z—a,) (z— a.) (z— ag) 

p(AD)+q(BD)+r(CD)+u,, 
or p(AD)-+q(BD)-+r(CD)-+(4)—ty, 


where 7, q, etc., are integers, and that by virtue of the relation 
(BD)=(AD)-+(CD) these further reduce to 


A(AD)+u(CD)+u, or r(AD)+u(CD)+(A)—up, 
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where À, u, A’, w are integers, and up is the value of | w dz by 


any straight-line path from z to œ , which does not pass through 
A, B, or C. 
1297. From these considerations it will follow that, if a 
quantity 2 be defined as ¢(w), and given by 
j ; dz , 
u=| wpa ==f w dz, say, 
ov (2—a,)(2—atg) Jo 
the possible forms of the result being limited to 
w=)r(AB)+uUy, or u=)(4B)+(4)— uo 
and the same point z being attained for either of these values 
of u, we must have, when we regard z as being expressed in 
terms of u, 2=$(u)=4[A (AB) +o], 
or. =¢[)(AB)+(A)— uo]. 
¢ must therefore be a periodic function such that an addition 
of (AB), i.e. (A)—(B), to the argument any number of times 
makes no difference, and also that, if (A) be added to any 
number of sets of integrals round double loops (AB), the same 
will be true if the sign of u, be changed. 
In the cases 


e dz z dz 

-i rara a9 ea ere ser ri 
since u=) (AB)+ u(BC)+ uo. 
or © N(4B)+u(BO)+(4)— w 


in both cases, for A, B, C are any three of the four branch 
points, we have 
plu)=$[A (AB) +p (BC)+ Uo], 
or = ¢[\'(AB)+ v'(BC)+ (A)— uo], 
and a double periodicity of z=¢(w) is established. 


1298. Period Parallelograms. 

A geometrical illustration of this double periodicity may be 
given. 

Let 4(z) be a doubly periodic function of a single complex 
variable z with independent periods w, w, viz. 


o=ati8, w=a +b, 
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so that (z)=¢(2+0)=¢(24+ 20)=... 
= $(2+w)=¢(¢+ 20’)=... 
=¢(z+w0+o)=... =(2+po+qw)=..., 
where p and q are any integers, positive or negative. 
Referred to any set of rectangular axes in the z-plane, the 


points (0, 0), (a, 8), (a+a’, B+-8’), (a’, B’) are the four corners 
of a parallelogram (Fig. 401). 


Fig. 401. 


The adjacent sides of this parallelogram make angles 


d 


A a, 
a a 
_ with the z-axis. It is called a period parallelogram. 

The four points, pa+iq¢6, (p+1)a+e(q+1)8, 
{((p+l)a+a}+i{(q+]1)B+B8}, (pata)+c(q8+6’), 
will equally form the angular points of a parallelogram of the 
same size and shape as before. The whole z-plane may be 
regarded as mapped out into a network of such equal parallelo- 
grams by giving to p and q all integral values. As z travels 
over the region bounded by any one of these parallelograms, 
(z) ranges through all the values it is capable of assuming. 
If z travels into other parallelograms on the z-plane the values 
of (z) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram. Thus 
points similarly situated with regard to any elementary 

parallelogram of the network give the same value of ẹ¢ (2). 
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1299. If (z) be Synectic throughout I’, so also are its 
Differential Coefficients. 

We shall next show that, when ¢(z) is synectic within and 
upon the boundary of a given region bounded by a closed 
finite contour TI, all its differential coefficients are synectic 
within that region. 

We have seen that if æ be a point within the region and 
not within an infinitesimal distance of the boundary, 


p(a)= mie dz 
taken round the boundary of I’, where z=a is not a zero of 
(2). 
Let z=a+éa be an adjacent point to z=a within the 
contour and not infinitesimally near its boundary. 


Then o(a+da)= Ki a dz 


2m. Jz—a—<da 
taken round the boundary of I’, and therefore 
1 
patos) o= zhe Wea a—da -5 dz 
Now, by division, 
1 1 ôa (da)? 
Pray a ay 2-4. G= ities a} (z—a— ôa) 
Therefore 


(ôa)? 

Mat On $= 5 Joo {oe ay eae a! se 
round the boundary; and the definition of a differential 
coefficient is that it is the limit, if there be one, of 

plat 6a)— pla) (Art. 1239) 
ôa : 


when |da] is made indefinitely small. Hence we may put 
(a+ da)— pla) = {$ (a)+e} da, 
where e is something whose modulus ultimately vanishes with 
|da]. 
We may therefore write 


f 1 $ 6a 
$ at= pO terea] om 
or ga- |e $i) dz==—e +34] patu HA 


2a J(z— a)? (z—a}(z—a— sa) ` 
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and therefore the moduli of the two sides of this equation are 
equal. And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 
ye Ja (z) 
meal lap aa haat 
Let K be the greatest of h aili of the values of the 
integrand as we travel round the boundary, which is a finite 
quantity since ¢(z) is finite and z—a, z—a—éa are not 
infinitesimally small. Then the modulus of the integral in this 
expression is less than K x Perimeter of Contour, which is a 
finite quantity, the re being supposed of finite length ; 


*, mod. lew or =e ehaae | 


< mod. es .mod. da X Perimeter of Contour. 


mod.[right-hand side] < mod. e+ 


Hence diminishing mod. da indefinitely, 


mod. ok Ra) dz |= 0. 


271 J(z—a)y* 


Therefore o Pete ~ £ 10 zdz, 
mi J(z— 


the integration being in all cases R round the boundary 
of the contour. 
In the same way we may prove 


p” =z [28h (2) dz, ete. 


z— a) 
For if z=a+éa be a point within the contour and not 
within an infinitesimal distance of the boundary, we have 


$(a-+sa)=—— |e ep dz, 


Qari J(z—a— ôa)? 


did ore ga) = bol 1 1 remand gs 


(z—a— ôa} (z—a)*} da 


“Zm mfo ea ays mate 


where mod. @ vanishes sn mod. da, 


(2) 
“Im J (z—a)® aL 
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It appears therefore 


(D thar BESS 2 


approaches to and ultimately differs | 


by less than any hina quantity from J eae 


when mod.,da is made to diminish indefinitely without refer- 
ence to the way in which the indefinite approach of the point 
a+déa to the point a is conducted. Hence ¢(q) is a function 
of a which possesses a differential coefficient ; 


(2) since (a) and (a+ ôa) are by supposition single-valued, 
plat ae =o ; 


the expression is also single-valued, and also 


its limit; so ¢/(a) is pins ne ope 

(3) (a) is finite; for its equivalent z- 5— alee dz is such 
that the integrand is finite for all M upon the contour, 
since the point a is not at an infinitesimal distance from the 
boundary, and the boundary itself is of finite length by 
supposition ; 


(4) for any positive infinitesimal change in |a| there is a 


change If 2! mal te, g Ji 
z—a 


of the same order as |da| in |(a)|. Hence ¢’(a) is con- 
tinuous. 

Hence ¢’(a) has a differential coefficient at the point a, is 
single-valued, is finite and is continuous. It is therefore 
synectic at any point æ within the specified region for which 
(a) is synectic. 


Also p” (a)= act ale eh, de dz, 


the integration proceeding, as before, round the boundary. 
And the argument may now be repeated with this result to 
establish the successive equations, 


ie (2) K ut (__o(2) 
$ (a A dade -p (a)= let gyri 2 «+ 


all of which functions are synectic in the region for which 
$(a) is synectie. 
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1300. Taylor’s and Maclaurin’s Theorem. 

We may now proceed to establish Taylor's Theorem for the 
expansion of f(a+h). Let f(z) be any function of z which is 
synectic within and upon a given y 
circle C with centre at.z=ua and 
radius p, and suppose z=« not 
to be a zero of f(z). Let a+h be 
another point within this contour 
and not within an infinitesimal 
distance of the boundary. 

Then 

(a+ jag fe) dz, i Fig. 402. 7 


Qari jz—a—h 


the integration being conducted round the boundary. 
Now, by division, 
Ane. 
z—a—h z—a' (e—a 


apt ena 
hr jhe 1 gd 
tua a} (z—a) +! z—a—h’ 


E fa+h=zs fo [Erte vee 


n n+l 
h aga hn+ al" 


TE a)"tt  (z—a)"+! z—a—h 
| f2 z) aerie fo, daif LE), dz+... 
t her f(z)dz 
+h (z— eo dz |+ Qa (2z—a)"+1(z—a—h) 


=fla)+ hp a+ Ef (a)+ LE fa) + Ry, 


hei F(2) 

where R,= or fa iT P R Y dz taken round the circle ; 
and putting z=a+ pe, we have 
are 1 S f2) g E a0. 
lr p"Jz—a—h 
xe e7ng 

2—a—h 
since | f(z) | is finite at all Ace within the circle, and the point 
z=a-+h is not within an infinitesimal distance of the boundary. 


n— 


be K, which is finite 
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ves 


Then |R,| + "K dé, 


ie. |R " Jh].K 


and |A| < p, so this may te made less than any assignable 
quantity, however small, by increasing n indefinitely. 

Hence the convergency within the circle of radius p is 
established, and the usual form of Taylor’s theorem still 
holds for a complex, viz. 


fla+h)=fla)+hf +5 f" (a+... to x 


for all points within a circle of centre a and radius > |(a+A)|, 
provided f(z) is synectic for all points within this region. 

If the origin be at the point z=a, i.e. a=0, we have the 
same result as for Maclaurin’s theorem for a real variable, viz. 


h? ., 
Fi) =fO) O+ O, 
with the same limitations as before. 


1301. Definite Integrals obtained by Contour Integration. 

Cauchy’s Theorem of Art. 1275 is of great use in establish- 
ing in a rigorous manner many results in definite integrals 
and in furnishing new results. In such investigations the 
form of w as a function of z is at our choice, and the particular 
contour of integration is also at our choice. 


Consider the integration of [Ss —— round any closed contour, a being 
supposed real, 
B It follows from Arts. 1275 and 1286, 
that the result of this integration is 
(1) 2rt, (2) me or (3) 0, 

according as 

(1) the contour encloses the point 
©) A & 2=0; 

(2) the contour passes through z=a 
with continuous curvature at 
the point ; 

(3) the contour is such that z=a lies 
outside it. 


Take as contour a circle of radius R (drawn as > a in the figure) and 
centred at the origin. 


Fig. 403. 
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Put z= Re; then dz=Re' dé ; 
] T Re. .d@ 
* Jo 


Rea =2mr, me or 0, as R>a, =a or <a; 


2” R 18 R -v N 
whence Í Bo tga de= om, m or O in the three cases ; 

2r R-—acosé 2r T 
whence |" a angrap >a plR=a), OR <a), 
and 2r sin 8 -do=0 


o Æ -—2aR cos 6+a* 


in any of the cases, results which may be readily verified by direct 
integration. 


kz 
1302. Consider the integration of w= =, where k is real and positive, 


round a contour bounded by (1) an infinite semicircle BCD, centre at the 
origin of the «-y axes, radius R (=a), (2) a small semicircle EFA, centre 
at the origin and radius r, concave in the same direction as the former, and 
(3) the two intercepted portions of the x-axis, viz. DE and AB. 

w has a pole at the origin. The small semicircle excludes this pole. 
Examine the behaviour of the function when z is infinite. 


Red g—kRsin 8 toos (LR cos 6) + sin (kR cos 6 
Let z= Re®. Then p rn ca Race 


and therefore vanishes in the limit when ÈR is increased indefinitely, 
so long as sin@ is not negative; that is from 0=0 to @=7 inclusive. 
There is no pole in the region described, and w is synectic throughout 


the region. The total integral j wdz taken round this perimeter therefore 


vanishes. To estimate this we consider Cc 
the integrations : 
(1) from r to R (=o) along the z-axis ; 
(2) from @=0 to =r round the great 
semicircle BCD ; 
(3) from — ÈR to -r along the x-axis ; 
(4) from =r to 6=0 round the small 
semicircle ZFA. 
(1) Along AB, y=0 and Ae; and the corresponding contribution 
O AKL 


to the whole integral is Í — dx. 
(i 


EOA B 
Fig. 404. 


(2) Along BCD, R=constant, z= Re’, #140, and the contribution 
to the whole is 


ikz 7 m 
ara f etkRe!? , ag — [ ve FR sin 8 feos (ER cos 0)+ sin (ER cos 0)} d6, 


which ultimately vanishes when Æ increases indefinitely. Therefore 
there is no contribution from this part of the integration. 
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ekz —r pike ; j j 
(3) Along DE, es dz= il =a ™% and as x is negative we write —2 
for x, Fi 


» eke 
PMY ad 
r x 


which is the contribution for this portion DE of the integration. 


0 
(4) Round the small semicircle the contribution is Í etre? , dO, and r 


being infinitesimally small this becomes — [ d@= — mr. 


Hence, summing up, 


© pike o p` tka 
f —de+0- | dz-m=0, 
ir & rT x 


ŭe, in the limit when r is indefinitely diminished, 


ik ekt —e—tka sin ke T 
0 x 


dx=tr or [ 7 9° 


k being supposed positive, which is in accord with the result of Art. 993. 


i tkz 
1303. Consider f — dz, where k is a real positive quantity and a is a 


complex, viz. a++, in which B is positive. 
We take as contour the x-axis, an infinite semicircle whose centre is 
B at the origin and radius R (=o), and an 
infinitesimal circle of radius r, and centre 
at the real point (a, B), which, since 8 is 
positive, lies within the great semicircle. 
«There is a pole at z=a, which is excluded 


‘by the small circle. Examine the behaviour 
Cc (6) A etkz 
Fig. 405. of a when z is infinite. Put z= Re’. 


e—*R sin 6 foos(kR cos 9) +t sin (kR sin 6)} 
Re?—a 
the last case, ultimately vanishes when œ is indefinitely increased, 
provided @ lies between 0 and ~ inclusive. 
There is no pole in the region between the two circles, and w is synectic 


Then w= , and therefore, as in 


throughout it ; and J wdz=0 when taken round the boundaries in opposite 
directions. 


(1) Along the x-axis z=x, and we have as the part contributed by 
integrating from C to A, îe. —œ to œ, 
hag uke n ui ‘ 
f e ie Í (x —a+ß)(coskz+ sin kz) 4, 


—ot—-a-tB” J» (z-a +? 
_ [7 {(—«) cos ka— B sin kr} À * (x—a)sin kx + B cos kx 
7 Jus Tecan fa; SAT Mog nantia E a 
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(2) Round the infinite semicircle, we have a contribution 
E se - Rel d0= fon e— FR sin 0 tcos (kR cos 9) + sin (kR cos 9)} p 
0 Re Re? —a 
which, be virtue of the ultimately zero factor e~*?*'"®, adds nothing, 
R being absolutely infinite and sin @ positive. 

(3) Round the infinitesimal circle DEF, put z=a+re". 

The integration round the perimeter must give 2rie#@t+?), according 
to the general result of Art. 1286, i.e. =2z (« cos ka — sin ka)e—* ; whence, 
as J f(z)dz round the outer boundary ABCOA is equal to that round 


DEF in the same sense, we have by equating real and imaginary parts, 


dd, 


? (#—a) cos ka—B sin kx 
x (x—a)?+ 3? 

° (x-— a)sin ke+ 2 cos kx 
—« (x —a)?+ B? 


which may be written 


i cos (2+ tan! £) 
PATENS E A 


Je- ate 


f sin (Heston 3) 
amô e-a} +p? 


1304. In the case where B=0, the centre of the small circle lies on the 
x-axis and a semicircular arc DEF, of radius r and centre at a, 0, 
replaces the complete small circle before B 
considered, 

To consider the effect of this, we integrate : 

(1) from C to D, (2) round DEF, 
(3) from F to A, (4) round ABC. 
For (1) and (3), we have z 
(0 Oo oer A 


-r etkx 
, ( fos +f. j£ - de, Fig. 406. 
a+r 


i.e. when r is infinitesimally small, viz. the Principal Value of 


iv) ka 
e 
dx. 
-o Va 


For (2), putting z=a+re®, Aa d0, and the contribution is 


dx = —2me—** sin ka, 


dæ= Qe"? cos ka, 


= —2re—*8 sin ka, 


Qre—*8 cos ka. 


(0 
J etk(atre'®), agi meka, 
m 


r being infinitesimal. 
For (4) we have, as before, a contribution nil. 
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Hence ultimately, r being indefinitely small, 


ise cos nt sin 00g ketea ke ie cos ka — sin ka)=0, 


ae 


i.e. dz= -rsi 
Str ie piain, Principal Values being taken in 
: Í sin kx dow ive ob, each case. 
—o V-A 


eZ eh 


1305. Consider the integration — dz, a and b being real and 


positive, taken round a contour consisting of 


y (1) the positive portion of the x-axis ; 
(2) an infinite quadrantal arc, centre at the origin 
% and radius R (=0); 


(3) the positive portion of the y-axis ; 

As in the last two cases, the function vanishes 
in the limit when |z|=0, and it will be clear that 
there is no pole in the region round which it is 
proposed to integrate. 

We have then 


x 
Raaz _ pbz F paRe?  wbRet? —ay _ p—by 
ene e -e eUe i 

É ee ae de+ f iaido a AW Boul dy =0. 


Fig. 407. 


1 


R A RENN 
The first integral = Í, armeni elaine tin) da 


The second integral = F [ea sin @ aR cos0 _ e—bR sin 0 bR cos 6), dO, which 
“0 * 


vanishes when R= by virtue of the exponential factors e~*%siné 
e~Rsin® for sin 6 is positive. 


The third integral = -log? by Frullani’s Theorem, or by the summa- 


tion definition of an integration as in Ex. 1, Art. 16. 
Hence we obtain in the limit, when R=œ, 
phir a | & 
ta cos ax nd YN OLS f sin ax —sin be z0, 
0 x a’ Jo % 
results previously established. 


-1 
1306. Consider the integral | dz, where a is real and <1 and >0, 


where by 2%—1 we understand that particular one of its values whose amplitude 
is (a -1) times that of z. 

‘There are two poles, z=0 and z= —1. There are also branch points at 
the origin and at œ. 

Take as contour an infinitely large semicircle, radiusR ( =œ ) and centre 
at O, the origin ; an infinitesimally small semicircle of radius p and centre 
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O ; an infinitesimally small semicircle with centre at z= — 1 and radius p, 
the concavities of the circles all being in the same direction; and the 
remaining portions of the boundary being the intercepted portions of the 
x-axis; the whole making the figure ABCDEFGHIJA (Fig. 408), within 
which, with the meaning indicated for 24-1, the function is synectic. 


A “i Ò H 
Fig. 408. 
The poles are then excluded from the contour, and the integration is to 
be conducted along the six parts AB, BCD, DE, EFG, QH, HIJA 
indicated in the figure. 


—1—p A— 
(1) Along AB the integral is Íx ode, or changing x to — zx, 
1+e(_1)¢-1,4- æ „a—l 
-Í ( 1) vt ie or -ea | a 
R l-r 1+pl-g 
(2) Along the semicircle BCD, put z= —1+pe; .. — dé. 


The contribution is then P (—14+ pe*)*-1.d6, or since p is infini- 
tesimally small, 


(- yaf tdh =(— 1)'ir =e". 
T 
(3) Along the straight line DE the portion of the integral is 


—p tl $ 
j3 reS dx, or changing x to — x, 


_}\@—1,.a-1 P —1 
n 3 OF) E dx or eb as 
eye l-z l1—p l -x 


(4) Along the semicircle EFG we have, putting z= pe'’, 
o» (pe'*)*—" ipe? dé na. dé 
1+ pe! 
which vanishes, p being an infinitesimal and 1 >a>0. 
eas ae 
(5) The contribution from GH is pira 
(6) For the semicircle HIJA we have, putting z= Re’, 
m ija— i cc) 
Í (Re ya eRe do 
0 Re? +1 
which vanishes, since R is infinite and 1>a>0. 


? 


, 
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ro „a~l © .a—1 
Let I, and J, be the Principal Values of |, au and f edz, i.e. 
Jd = 


w% gl 1—p 2—1 
Hone eas or et piste 
p=0 y inet and Lt, of A 4 ap lta respectively 


we then have, summing up the six portions, 


æ% —1 rp -1 
_ p'an i uar a 
e fates -da+ ure" +¢ "J Ear ay i Ta n M 0 
P gal =p el 
and —— dg n aa 
a 1—p l -x P l-r” 
a gal P 1—p aa} a 

so that — —— [ +f, \— 

i ME ania iS z” =-( 1+p 
and in the limit, when p is indefinitely diminished, becomes = — 12; 

E et T, + ire" +I, =0, 

i.e. —(cosamr+ctsinar)I,+7(t cosar —sinamr)+1,=0 ; 
whence I- cosarl,=7 sin ar, 


— Isinar +r cosar=0 ; 
therelore I,=7 cosecar and I,=7 cot az. 


These are the results of Articles 871 and 1103. 
az 
1307. Consider / pret for real and positive values of a and b. 


There are poles at z= +ib; and when |z|=o the integrand vanishes. 


Cc o A 
Fig. 409. 


Integrate round an infinite semicircle with centre at the origin O and 
radius R(=o), and round a circle of infinitesimal radius p with centre at 
the pole ıb. 

Then the integral taken round the outer boundary =the integral taken 
in the same sense round the inner boundary, and the latter is 


eta (eb) i; 
ead, 7 
hy ry Sh (Art. 1286.) 
Over.the outer boundary we have 


gat eat eaRe? PA 
f’; pravej prat De fe Rae . the” dé. 
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Writing —~ for x in the first integral, it becomes 


at EA 
ife ie | rate 


° 2 cos ax 
o byar? 
m e~ aRsin é paR cos 8 


The third integral is ["*— 73 


virtue of the factor e~2% °° when £R is infinite, sin 9 being positive. 
Thus, summing up, we have 


and the first two integrals combine to give da. 


tRed@, and vanishes by 


the result of Art. 1048. 


1308. Consider the integration of w= 
aand b. 

The poles are at z= +b; and when |z|=o the integrand vanishes. 
Take the same contour as in the last example. 

The integral round the small circle, whose centre is tb, 

ibera (od) 
= a adie bine 
Over the outer boundary we have 


i =; Tz ~ for real and positive values of 


eb, 


xett r Re aRe? 
l pepi fis nat 0o b24 Re 
Writing —z for æ in the first integral, it becomes 
we tae © re ae 
co OT +2" f b +2 
which combines with the second integral to give T ALn 
The third integral, as in the last case, contains the factor e—aRsin® in 
the integrand, and therefore vanishes when Z is œ, sin @ being positive. 


Hence, as the integral round the outer boundary is equal to that 
round the inner in the same sense, 


Re? do. 


dz, 


° sin ax 
—— AL = —ab 
o b+ ar 3° 
e 
1309. Consider the integration of w= — 5 Sor real and positive values 
AFA +2?) 
of a and b. 

There are poles at z=0 and z= +b; and when |z|=o the integrand 
vanishes. 

Take the same contour as in the last two cases, with the addition of a 
small semicircle of radius p, with centre at the origin, to exclude the pole 
at z=0. 

Integrate, as before, round the boundary CDEFABC, and equate to 
the integral round the small circle encircling z=eb in the same sense. 
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Thus 
(ae elt de pu ð ee ne dÀ +f" e@% dp in etaRe'? , Red 
i ae +a * eR pict) x (b? +2") o Re? (b2+ Re”) 
Was tag Tt ab 
a p 
B 
Cc DOF A x 
Fig. 410. 


Then writing —2 for x in the first integral, it combines with the third 
oia i 2 sin ax 
Be Ji (Fay i 
Since p is infinitesimal the second integral = Í p do= -3r 
r 


The fourth integral vanishes for the same reason as in the last two cases. 
sin ax wn ee 
Hence f stig eH e7), 


1310. Consider Í 


az 
vat aa dz, a and b being real and positive. 


The poles are given by 


z?n 4 Ban =" TE (#-2be008 "t r+)!)= 


: pea 2n 
2th 
i.e. 2=b(cos t mt esin ET r)= =be* nm 
2n 2n 


and lie upon a circle of radius b at equal angular intervals z, the x-axis 


being an axis of symmetry with regard to the poles and not passing 
through any of them. Also if |z|=œ the integrand ultimately vanishes. 
We take the same contour as before, viz. an infinite semicircle of radius 
R (=o) and centre at the z-origin O, the x-axis and infinitesimal circles 
of radius p drawn round each pole as centre. 
1 s=n-1 


mim” D come 
zèn 4 pet Re ey m Pp t 
Spidi , 
2, on b -t Pn 


Now 
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the poles of the second group lying outside the contour of integration, 


2s+1 
and therefore contributing nothing. The polez=be 2” ” contributes 
. 2s+1 
etabe 2n 
er SST el 
Qn (ae 2n J 
Hence the poles within the contour contribute in the aggregate 
id 
s=n—1 iT gabe ie 
a nif .2ti_\mi’? 
s=0 (pe! Onn ") 
y xi : 2s+1 Ns 
= y {t 2n 
te. — > —e 2n mbe 
n=1 or PRT 2s+1 Qs+1 
pela Z 
z nme n cos ( In T + ab cos — r) 
| (2a-FA 23+1 ) 
+t sin( on a + ab cos In ™ (1) 


For the outer contour we have 


tat eat eRe? Redo 
f oaie [piian ee 
=o Ot 0 +y bn 4. RMe' 


© FO 


Fig. 411. 


-ag 


The first integral, by putting —v for x, becomes oe ip Gan dt, and 


: : à 2 cos ax 
combines with the second integral to make | pmpa de 


The third integral vanishes when R=«, as it contains the vanishing 
factor e~?% 28 ; and since the integral round the outer boundary of the 
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contour is equal to the sum of the integrals round the small circies which 
contain the poles which lie within the great semicircle, 
0 2s+1 
COS Ax Ea n-1 —absin on™ os Es 2s+1 )] 
Piranen aeS = — = g — 2 
| bpm da zimi = e sin| >, a+ab cos ( on™) (2) 
which is the result established in Art. 1067. 

It will be noted that in the summation above in equation (1), that the 
imaginary portion vanishes, the poles being symmetrically situated about 
the y-axis. 

The arrangement of the poles in the cases n=1, n=2, n=3, n=4, n=5, 
is shown in Fig. 411. 


sinh az 
sinh 72’ 


Since the limit of this expression when |z|=0 is s, there will be no pole 


1311. Consider w= 


a real, positive and <r. 


at the origin ; and when |z|=o the integrand ultimately becomes zero, 
since a< r. 


2 2 
Since sinh mz=ra(1 +5) +53) ..., there are poles at z= +1, z= 4 24, 
z= +43t,..., which are all situated on the y-axis in the z-plane. 


Take for the contour round which the integration f wdz is to be 
conducted : 

(1) the complete z-axis ; 

(2) the ordinates «= + R, where R is infinitely great ; 

(3) the portions CD; FG of the line y=1 shown in Fig. 412 ; 

(4) the semicircular arc, convex to the origin, centre at z=e and of 
infinitesimal radius p, viz. DEF as shown. 

Then all poles are excluded from the region thus bounded, and the 
function is synectic in this region. 


The contribution to the integral for the z-axis is $ nb ae 
i -o Sinh rx 
sinh az 


3 dx. 
sinh mx 


dx for 


z=x and dz=dz; or, what is the same thing, af 
0 


x’ 


D}------40 
wt-------10 ` 


Fig, 412. 
The ordinates BC, GA at infinity yield no contribution. 
: ! sinh a(#+ ty) 
For, along BC, we have J sinh (REG) i dy, 
and R being large, sinh a£ and cosh a may be written $e”, and sinh t£ 
and cosh rf may be written e7”. 
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ety 


= ie ie. 


fl 
Hence the integration along BC reduces to pa 


[ e47 T)R (a- "Y idy, 


which vanishes by virtue of the zero factor e¢-")¥ in the integrand, since 
a-r is negative and R is infinite. Similarly for the portion GA. 
For the portions CD and FG we have respectively 
P sinha(t +: 2) dxe aa a sinh a(ı +2) 
o Sinh m(t +v) Sa sinh m(t +2) mht r) 
Considering the first of these integrals, 
sinh a(: +x)=:1 sin a cosh ax + cos a sinh az, 
sinh r(t+z7)= - sinh m2 ; 
tsin a cosh ax + cos a sinh av 
dr ; 
sinh mv 
and writing —. for x in the second integral, it becomes 


s the integral becomes T 
P 


-f7 sinh a(t — x) Y t sin a cosh ax — cos a sinh ax d 
ee B= eat 
p sinh ar(t—.) sinh rx j 
and CD, FG together yield 2 cos a f sink = 
p sinhre 


To ance the contribution of the infinitesimal semicircle DEF, put 
z=t + pe", and integrate from 0=0 to = —7. 


Thus sinh az=sinh a(«+pe)=c sin a, p being infinitesimal, 
sinh rz=sinh w(t + pe?) = pe cosh wt = — pe". 
The yield from this part is therefore 
-[ "en Get, d=" 7" Pe eae 
0 


mpe 


Hence, as the total integral round the contour vanishes, 


2 sinh ax [ae a tal 
f ERE de404200sa sinh ww 0 + ( sin a)=0 ; 


and p being ultimately zero, 


sinh ax 1 sinh ax a 
f sinh me dx= ~?2 tan 5 2? and —o sinh red aien 2 
cosh az 


1312. Now take 2 — 46 being real, positive and < r. 


Since cosh mz=(1 + ESSE +4 ..., the poles of w are at 


z= med + rd mn! ete 

ee tio idle’ Ayia | 
If we take a contour consisting of the x-axis and a parallel, y= 5? with 

bounding ordinates v= + R at infinity, and a small semicircle, convex to 


the origin and radius p, described about z=5; the region thus defined 
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excludes the poles, and w is a synectic within it, so that | wdz=0 when 


the integration is conducted along the contour of this region. 
The points B, C, shown in the figure, are supposed at œ, and A, G 


at -œw , and DEF is the infinitesimal semicircle about :=3 (Fig. 413). 


The x-axis contributes {i conljar dx, that is, 2 j cosh ax 
' cosh rz cosh rx 
y 
ç Cc 
: i 
i 
i 
: 
Si o B + 
Fig. 413. 


The ordinates at infinity contribute 
te t 

(ERARE ay md f ohal- R to ay 

and, as in the former case, 
coshaR, sinhaR, coshrR, sinh rR 

may be replaced by $e, 4e, șef, de7*, respectively, 
since R is infinitely large ; and we may write 

cosh a(R+ty)=he* e', cosh r(R+ty)=he7* e”, 

cosha(—R+ty)=$e*®e—'*Y and coshr(—R+ty)=he™* e'" ; 

and the two integrals become 


f e(t—mR gla—m)y i dy and "i elt- "R e~t (a—r)y t dy, 
0 0 


which both vanish when R is infinite by virtue of the ultimately zero 
factor e¢—")* in the integrands, a being <x. Hence the yield from the 
two ordinates is nil. 

The parts CD and FG respectively contribute 


P cosh a( x+ x) ? cosh a(e+5) 
: dx and re e, 
J „cosh r(x+5) ws cosh r(2+5) 
and cosh a (2+ 3)- =cosh ax cos = St! sinh ax sin % 3 
cosh r(s+5)= i sinh rz, 


a : ta 
cosh ax cos at t sinh az sin 3 


tsinh rx 


and the first integral becomes Sh dx ; 
Pp 
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and similarly writing — v for x in the second integral, it becomes 


er ve) 
cosh a(5 - x) cosh ax cos Č — + sinh ax sin £ 
t dx= RT T Ei 
cosh z(; Li 2) p i sinh re 
P 2 


‘ r . a [7 sinhar 
Hence, in the aggregate, these two terms yield —2sin 5 [ ok od 


To find what accrues from the semicircle DEF, we put z=, 5+ pe, and 
integrate with regard to @ from 6=0 to 0= —7. 


Thus, since cosh a(S + pe )=cos § to the first term, p being infinitesi- 


mal, and cosh 7 ( 5 + pe) = mpre, 
"cose 


f — dz round the semicircle= — pe" db = — cos 5 A 
cosh rz 0 mpe 


and the total integral round the contour=0, since w is synectic 
throughout the region bounded ; hence 


cosh ax sinh ax a 
af 2s mae e+0- Zein sf Se sinh wee? G7? i 


and p being ultimately zero, 


cosh av a vies il a a, 
oh ces emote fst gmwed 


cosh av a cosh ax a 
~ dx = zec and dz=sec—. 
cosh 72x 2° -œ cosh rv 2 


and therefore T 


taz 


1313. Consider w, where a is a complex constant =a+1ß, in 


which B is not negative. 


The poles are, as before, z= £5, i= š 2 , etc., and in addition, since 


et(at+ ¢B)(a+ wy) = e` Pr—ayt(ax— By) i 
the function becomes infinite if Br+ay=- œ. Hence we must take a 
contour which excludes all such points. 


bi 
i à 
ossi Cc Fae B 
E(D 
(0) a. 
Fig. 414. 


The region bounded by the positive direction of the x-axis, an ordinate 
z=R where R=o, the straight line y=4, the quadrant ofa circle of 
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centre z=; and infinitesimal radius p, viz. CDE and the portion HO of 
the y-axis, contains no pole and the function w is synectic throughout it 
(Fig. 414). 


, nm — Pt oat 
The x-axis coutributes e} ADAB A 
o cosh mx 


The ordinate AB at infinity contributes nothing, for the integrand 


contains the factor e~®*, which vanishes when x=. 
The path y=4 from x= R to «=p contributes 


a Br TPR (e7-4) 


- dx, for cosh =( 3 +0)= t sinh ra. 
© tsinh me 2 


For the infinitesimal Acie are with centre 5 , put z= 5+ pe? and 


integrate from 9=0 to @= -5 


kii 
Sie pethite) 
l pet? dé, 


This yields 7 
cosh 7 ( gt pe’) 
i.e. p being infinitesimal, 
tet (a +B) 


I T ~ dO = —fe-He++6), 
0 


The portion ZO of the y-axis contributes 


arte, t—p e` Te Ba 
y siii ade" if “Wie 
p cosh try COS Tv 


Hence, as the total integral J w dz vanishes, 


e~ Pt cos ax +4 sin az) k SR eFe- A cos (ar Ble sin (ae = 3 h, 
0 


a cosh wx i sinh rx 


-3e t (cos -usin B) ft "ean cos Ar- tain Be BF AE 


2 cos TL 


Hence, equating to zero the real and imaginary parts and proceeding to 
the limit when p=0, 


W 
i B 
y sin(av- 5) ł : Ae 
Í -m cnez ge t sn eet t-l, Pek ad be cos 
0 0 


cosh ra cos Tx 2? 


cosh rz COSTE 2 


wW 
2) 
i cos (ax — 5 + _a 
T o-a sin ar wtr h ee r de- f emea Be gp 1, Pind 
0 
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If we put 8=0 in the first, we have 


Í; Cosar Jy d i sin ax FEP E 
o cosh rz o sinh re j 


and changing the sign of a, 


hise] a gel | a 
cos ac Sin av 
f de+e | oee ap 


cosh 7x o sinh rg 


and solving these equations, 


? cos at 1 a [ sin ax 1 " 
Í cosh r.v asii 2 sec 2°? Jo sinh rx di 2 cans 2 


p 
1314. Consider PE ee where 1>p>0, a real and 
z? — 2az cosa + a" 
7>a>Q0. 


There are poles at z=ae**=acosattasina. Take as contour an 
infinite semicircle, radius Æ (=œ) and centre at the origin 0; the 
a-axis ; and a small circle, radius p and centre at z=ae", i.e. (a cosa, asin a) 
(Fig. 405). 

The contribution from integrating along the x-axis is 


ee k HRPA RE ATO 
des x? —2ax cos a +a? z=(| + 0 | TE = 


and putting — for v in the first integral, 


H aP f (—1)?2:? 
-| sa a+a? de 0 2?+2ax cosa +a? 

Round the infinite semicircle we have 

RPer? ž 
i Re? — 2a Re? cos a +a? Re .ı d0, 

which vanishes, since p < 1. 

For the infinitesimal circle put z=ae*+ pe, The result is, by Art. 1286 

(aet oh pe’)? ; 
aet + pe? = ae” 
and p being infinitesimal, this becomes 

ae?e? 


Qe 


2t T alere , 


a(e*— e sinu 
and since the integral round the outer contour is equal to that round 
the inner in the same sense, 


xP uP 
Beth SS hee ee ae ‘ig SASS a ny as 7 _ qP—lepa, 
o x —Qaxcosa+a? + 0 £? +2ax cos a +a? sina 


and equating real and imaginary parts, 


f a? dg + cos a a s a —— a? cos pa, 
0 £? — 2ax cos a + a? PE x£? +2axzcosa+a? sina P 


sin E z? dæ = a? sin 
PF), 2 4+2azcosat+a® sina = 
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Hence 
xP? dx WENT E sin pa 
0 z?+2azcosa+a? sina sin pr’ 1>p>0, 
F 2Pdx T _p-18in p(m - a) r>a>0, 
o @*—2axcosa+a? sina sin pr 
the latter of which follows also from the former by writing m -— a for a. 
uaz 
1315. Consider w= ia See! where a and b are real. (0<b<7m.) 
cosh z— cos b 


The poles are given by cosh z=cos b, that is 
e*—2 cos be?+1=0, e=cosbtcsinb, 2=1(2nr +b), 
where n is any integer. 

These poles are all situated upon the y-axis at distances from the origin 
+b, +2r b, ete. 

Take as contour the entire z-axis, the ordinates x= + R (R=), the 
straight line y=7, and an infinitesimal circle, radius p and centre z=:1b. 
Then the function w is synectic in the region thus bounded, the only pole 
(z=:b) which lies within the outer boundary being excluded by the inner. 


B 
i 
; 
i 
A 


Ob-- « --------40 


Fig. 415. 


The contributions from the various parts are : 
ett 


(1) From the z axis DA T dz. 


cosh x — cos b 
(2) From the ordinate AB, 
* e~%(cosah+tsin aR) owt: 


e't (R+) 
| are TA -e Teaia =2 f ek 4-8-9 _9 cosh S 


where R=; acta AB contributes nothing. Similarly CD gives 
no contribution. 


(3) From BC, viz. y=, we have 
z=%+ır, dz=dz, coshz=-coshz and e?=e—™, at, 
Hence BC renders 


i. -> eT" gT 
Jo 


— cosh g — cos b 


ett 


— o ma Ata 
du=e j Saha tank 
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(4) The integration round the small circle gives 

eta (ed) ead 

Sinhibin = 2r Sinb in b’ 

and the integration round the outer contour is equal to that round the 
small circle in the same sense. Hence 


i ie an Í ig ik On 
—o cosh v — cos b —æ cosh z+cosb sind’ j 


Qre 


i cos ax 2> sinax 
Let i= BE S a h= | ah 


=f cos ax OE -. e =|" sin ax 
» cosh x+ cos b 2 J cosh x+cos b 


Then Itete I n O -ab 


and therefore Z,+e—"#/ r-T aab and J,+e—*@J,’=0. 
1 aes | 2 2 


Also, if we write m—b for b, the accented and unaccented letters are 
interchanged. Hence 


VAE is = 2 eae) and /,/+e~"4I,=0 


and solving these four equations, 


S cos ax _ 2m sinha(r—b) 


R= Ta cosh æ — cos b ~ sin b sinh N oa (1) 
ee cos ax 2m sinh ab 
q, a cosh æ+ cos b eS sin sin b sinh ar’ cccccecceccces (2) 


and I,=J,’=0, as is indeed obvious beforehand, since, in integrating from 
— to o elements of the integrands for which x only differs in sign cancel 
each other. 

Obviously other results may be deduced from these by various selections 
of a and b, combined with addition or subtraction of the results. 

For instance, in the formulae for J, and J,’, the integrands are not 
affected if the sign of x be changed, so that 


à cosat ge" sinh a(r — b) 
0 


cosh v— cosb — sinb sinhar 
f ” cosaxr _ m sinhab (4) 
0 cosh x + cos b ~ sinb sinh ar’ Tee eee eee eee eee eee eee ee 
Changing b to 5- b in (3) and (4), 
3 T 
NISE EA siuha(gtb) o o (5) 
o coshe-sinb cosb  sinharm ` 
g sinh a(5 = b) 
[ on. 1s a ik OET (6) 
o cosh z+sin b cos sinh ar 
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Putting a=1 in (3) and (4), 


* cos g _ m sinh(r—b) 
[ cosh 2 — cos b dæ j sin b ~sinhr p CoP P ee rererereesereees (7) 
K cos g __m_ sinhb (8) 
J, goa et-coeb” Mama canine erais ttt of ree ti 
Adding (3) and (4), 
e cosavcoshe , __ m  sinha(r—6)+sinhab 
o cosh 2x —cos 2b v=] sinb sinh ar 
cosh a(5 — b) 
= TAN SE © eee weer eee eee eee (9) 
4sin b ar 
Subtracting (4) from (3), 
3 T 
en sinh a( 57 b) 
f COS ax Pog > 2 (10) 
9 coah 2e coa 20. Sameon. ..ar 0 
sinh F 
Writing 5- b for b in (9) and (10), 
‘© cosascoshys , -m coshab (11) 
| arate Sr Goa 2 Seara b AD ee sossetsocsesossoss 
cos z 
f COS AT ENEN: $ sinh ab (12) 
o cosh2z+cos2b 2sin2b .,an’ U UUnnneY 
sinh z 


and so on with other. cases. 


1316. Consider wa a being real and 1 >a>0. 
-e 


Here there are poles wherever e*=1, ie. 2=log (e®")=2Am for any 
integral value of À. 

Take as contour a rectangle of infinite length, one side along the 
x-axis and extending from v= -— æ to r=; two ordinates, one at œ, 
one at —œ ; the line y=7z and an infinitesimal semicircle excluding the 
origin. Then, integrating round this contour, no pole being in the region 
surrounded, we have, with the notation of preceding cases, 


—p gat etpet? o at m et(R+ey) 
de f. 6d, f dx — ud 
ieee CETE wel Tr th ET 


—o ellt+m) ' fO ea(—R+y) 
i f: CREW) 


In the limit, when p is indefinitely small and R infinitely great, the 
e? 

dx. 
e 
The second integral = Ẹ (—:)d0 when p becomes indefinitely small, =«7. 


ika 
first and third integrals together give the Principal Value of | 
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The fourth vanishes, since it is ultimately 


aT 
-Ltr=» | e@-1I(R+Y, dy and a<l. 
0 


The fifth integral t U (eos am treia aTe de. 


The sixth integral ultimately vanishes when R increases without limit. 


‘e 


o-- E 


E7 
Fig. 416. 
Thus, Prin. Val. of ae ue +(cos ar +t sin am) : Pe 
2 et 
Hence i dx = cosec ar, 
-214e 


and the Principal Value of 


æ et? 
/ F dx=r cot ar. 
—-xl-e 


This result is, however, only a transformation of that of Art. 1306. 


1317. Effect of Pole-Clusters within a Contour. 

If several poles, say n, be clustered together at one point of 
the z-plane, the point is said to be a pole of multiplicity n, or 
to possess polarity of the n“ order at the point z=4. 

It is useful to note that in applying the theorem 


—1)! 


to the case in which 


w=f(2)=2O, = 


(z—a)" (z—a)”’ 
where n is a positive integer, we have ¢(z)=1, and all its 
differential Sep oer with regard to z are zero. 


Hence le ies . round the multiple pole z=a is zero for all 


positive ti, values of n except n=1, and when n=1 we 
have 
5- doi: 
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It follows that if w be of the form 


(2) 
(z—u)(z—b)"(z—c)"... 
where ¢(z) does not contain any of the factors z—a, z—b, 
z—c,..., but is rational and algebraic, there is polarity of 
order p, q, ”, etc., at the respective points z=a, z=b, z=e, ete., 
and in putting w into partial fractions to prepare for integra- 
tion round closed infinitesimal contours surrounding these poles 
it will only be necessary to retain those partial fractions in 
which z—a, z—b, ete., occur to the first power. 
And supposing that the result of putting into partial 
fractions is 


w= K,2"+ K, "4+... + K ce ae a ee 


See 


+5 Aue ast $ 
Waay ae “oe 
then, in integrating round any closed contour which encloses 


all these critical points and no others, 
fw dz=2mı(A+B+0+...). 


1318. Moreover, when the numerator of w, supposed rational 
and algebraic, is of degree in z at least two lower than the 
degree of the denominator, A+ B+C+...=0 (Art. 149), and 


therefore in such cases | w dz=0, however many critical points 


may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour of integration contains 
all the poles. 
It is worth notice that if 

My, Qz, dg, ... be the zeros, of multiplicity p, q, r, etc., 
and a,’, dg, a,',... be the poles, of multiplicity p,’, q,’, Ty, etc., 
of a function f(z), so that 

__ (2-4, P (z— a) (2—0)... 
Mi Slag i LY (z—a; Y (2—0). 

LE (2) _ EYA me. p 


we have 
Om aa a, © 2—a,” 
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whence, if ¢(z) be any other function of z which has none of 
the factors hie z—a,,, etc., then 


= gl) ae dz=[Z po (a,)— p$ (ay)], 


the integral being taken round a contour which contains all 
the poles without passing through any of them ; 


or if ọ (2) be unity, z ya dz=(=p—p’. 


1319. If, for instance, 
S(2)=(2—4,)? (2—a,)?(z—a,)"... , 
FOr E Lae 


f(z) za, z—a, z—a, 


Pe 


and if we integrate round any contour which contains some 
or all of the roots, 
L(f@, 1 | dz | dz 
Qari fæ ) dz — 2m P Fear sere 
for all the roots within the contour 


=p+qt... 
=the number of roots within the contour, 


counting each root as many times over as it occurs in f(z). 


1320. Again, if in integrating round the perimeter of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane in which w is a synectic function, then if 
w be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded ; for if z=€ be 
any point of this bounded region, then if f(€) be the value 
of w at the point ¢ then 


rOy | hae 


where z is a point on the boundary; and if f(z)=const.=A, 
say, at all points of ee PIRRE. 


flo= Ar Ape pA mid, 


a 


for ¢ is a pole of the function > ta A 
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Hence, for all points ĉ which lie within the boundary, the 
function w=f(§) has the same value as when ¢ lies on the 
boundary. 


1321. Further, if we are given the value of wat all points of 
the contour of a region within Se w is to be assumed synectic, 


the equation fO= os £0) 4 ¿ 


may be used to find the value of f(Ẹ) at all points within the 
contour For if f(z) takes the form x(z) at the boundary, the 
value of f(¢) for a point within the boundary is 


a 


1322. Ex. Supposing that at all points of the circular contour r=1 a 
certain function known to be synectic within the circle takes the value 


cos 30 — a? cos 0+1 (sin 30 — a? sin @), what is the function ` 


3.0 


Putting this into the form e a 


— a?e", and writing z=¢°, dz=ce 


1 2m p30 2 e? 


eta P 
J Smeh ed A 
-Ef lay ase a? + ue el ve? de 
1 Sail 


2r 
vr $e- seigut ES 


~ Dare 


¢(—a*) log 1 ; 


and log 1 isin log eA", where A is an integer, we have f(z)=A¢(¢?#— a’), 
where the proper integral value of A is to be chosen; and putting 
(=e, we have the contour value A(e*’—ate’). Hence A=1 and 
S(2)=2(2 — a?) for any ee z within the contour r=1. 


= 


1323. (1) Consider w=", n being greater than 0 and less than 1, and a 
real and positive. 

Here there is a pole at z=0. We may avoid this pole by taking a 
contour consisting of the portion of the z-axis from v=p to x= R, a 
quadrant with centre at the origin and radius R ; the portion of the y-axis 
from y= R to y=p, and a quadrant with centre at the origin and radius 
p. And we shall choose R to be œ and p to be infinitesimal. Then w is 
synectic in the region thus bounded, and we have 
p eaz d eRe? qE etape? 

—= dx+ E (Re%)" .dO+ Es a dy+ (pe) d6=0. 


r E ai 
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—aR sin 0 
The ‘second integral contains the factor —,~—, in which sin @ is 


i 
positive, and vanishes when R is infinite. va 
The fourth integral vanishes when p is infinitesimal since n<1. 
Hence, proceeding to the limit R= and p=0, 
® gat æ gay 
[ dx= le n dy= aj y ner Vay, 


an 


ie cos ax + sin ax 
0 


dx =| cos (1 -n)5 + sin (1-2) all oy * eV dy; 


an 
ee 
ji ee ax trl- za 1 E E T 1 
ee ps dz= cos (1 pes n) qi-n -== ° ar’ . sin nr 21(n)ai- i nr’ 
nT 
cos — 
k Sn At gy —sin (1- n) 5 ta nm. RR A wd Se En 1 
0 2 a T(n) a sinnr 2p (n)a sia iT "ar? 
giving the well-known integrals of Fresnel (Art. 1166). 2 
3 1 
1324. (2) Consider w =a yp 
Here there are poles of the n+1*™ order at z=cb and at z= — ub. 


Taking the contour to be the infinite semicircle, the z-axis, and the 
small circle about z=vb and radius p, as before, we have 


w=f(z)= F (z pn 


a 1 min (B (m+1)(n 4+ 2) ... (2n) 
where ¢(z)= GFO and (z= KEET AA 
2 (an)! 1 1(2n)!_ 1 
ie. p™(b)=(- 1)? a Qube = F © (nyt ease 
dz 2m (2n)! 
Hence EFAA nA (nip? round the multiple pole ıb. 
The integration along the z-axis is { NE. or 2 ee. 
g g -o (FF OT o WFO 
Re? dO 


m 
Round the infinite semicircle we have [ which obviously 


fT) y 
vanishes if R be made infinite. 0 (Ren + oy 
y dx ‘ee ay 
0 (22+ (2099H (n!) 
The result is readily verified by putting v=b tan 0, when the integral 
becomes 


Hence 


pari |, cost” 0 d0, 
n) 
1325. Instead of using the formula fe po) dz= E owt, as above, 
-ayi 


1 
we might follow the method of Art. 1317, and put GOGE OT 


into Partial fractions so far as is required to find the Partial fraction of 
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the form — We then proceed thus (Art. 144): put z=.b+y. We 


wb” 

then have 

1 Tna degridesin wil y 
FH arya pH BBPALY ODS + 

4 (at 1)(n +2)... (2n) (SY ; 
a oor ined (eae 
pad ties 9): Gn): 1 
PLR (2¢b)” 


whence = Gap wf 
at 1 (2n)! 
t (2b)"+1 (nt? 


and the value required is A . 2m., ŭe. round the multiple pole at z=b the 


! 
integral is ayer ah as before. 


1326. Consider w= f(z) = i» & real and positive. 


There i is polarity of the (a+ pa order at the points z= +b. 
Take the contour as before, viz. an infinite semicircle centred at the 
origin, the z-axis and an infinitesimal circle round +b. 


We have, putting f(z)= Pa POE 


* «az = +1 i ray +1)(n+ 
n(n—1)(n—2), 4 5 e?(m +1) (n +2) (n +3) p n(n+1)(n+2)... (2n) 
a A aa N 


And since f r nds round a multiple pole of the nt order, 


== g(a) we have, putting ¿b for a, 


_ 2m 1 
[rerae= [Pa de == [tar apn tajm si 
ae 1) (1a)"-2e-% (m+1)(n+2)_ pe-a in (2n)! 


(21b) +3 n! (2b)N+! 
_ Bme% a” ytd, ie 4 (@+2)(n+1)n(n—1 E gpi 
“a Let T eet 2! QOH 

(2n)! 1 ] 

n! (2b) 


Round the outer contour we have 
eat ttt et R (cos 6+ sin 0) 
Lorett, propt, prre e” 
Putting —.« for x in the first and combining the result with the second, 
we get 2 | operas 
o (B2+2%)"+ 


dx. The third integral vanishes as the integrand 
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contains the factor e~2*5™® which vanishes when R=, sin 0 never 


becoming negative. Hence we obtain 
 cosar á A 
Í e a kaa eni bt +r — (2a) 
! 
MS TLE ‘ie 42m), 
which agrees with the result of Art. 1057, writing n for n+1 in the 
present result. 


ms 


1327. Consider the case w=z™"1e-**, where k is a complex constant 
=a-—th, in which a is positive, b positive and not both zero, and 1>n>0. 

Since n <1, there is a pole at the origin. Writing z=re, k= pe~ ‘P, where 
Bis > 71/2, we have w=r"1e(n-1)8 ¢—pr cos (@—B) o— pr sin (0-2) which cannot 
become infinite, Sg at z=0, unless cos(@—) be negative, i.e. 
O>B+5, or < -F in which case an infinite value of r would make w 
infinite. 

We shall avoid these poles if we take a contour consisting of a sectorial 
area bounded by 0=0, 0=a(<7/2) and by ares r= R, r=R,, where RF, is 
infinitely large and R, infinitesimally small. The region thus bounded 
is such that w is synectic within it, and we have 


f. Ri n-ig—(a-D) Bg 4 f (Rye!) e~(a—Re, gg 
R: 0 


R sarean 0 

+ f epee Bret e!*dr+ f (Rye!) ea) Ree? d6=0. 
1 -a 
B 


O D A * 
Fig. 417. 

The second and fourth integrals contribute nothing, for in the second 
the integrand contains the factor Re~ °Rıcos (0-2) which vanishes when 
R, is infinite, since we are supposing a<7/2, and therefore, 6 being 
<a, 0—B<7/2; and in the fourth, the integrand contains the factor 
R,fe—PR2008 (0—8) which vanishes when R, is infinitesimally small. 

Hence, proceeding to the limit when R, > œ, R—> 0, we have 


A anle Itobi dy — gma f ae Raia, ane (1) 
0 o 
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If now we choose the angle of the sector, viz. a, to be B, ùe. tan7 È , we 
have 


ie i=) 
f DMI eT obt dy — eP f 1e Pdr, where p=Na?+b?, 
0 o 


=emb To , p being real, 
. 2 m-ig- la-bzgy L0) 
i.e. f Tle dx lab 


Pe; 


which shows that the theorem Í anle- ¥tdy= is true for a complex 


constant k=a -— bas well as for a real one, « bari positive (see Art. 1159). 
Also a a") ett cos bæ dx = al Be —— i ON Q tan7! =), 
Y (a? + BE 
f arle A 3in bx de = —— T(») z sin Q tan 5} 
a (a?+ b92 À 
1328. Equation (1) of the previous article gives 
T xn! elt ebt gy — a qgn-l e7 (acos a+b sin a)@ ot{na—a(a sin a—6cos a) dy ; 
0 0 
whence 


{ gh—le—(acos a+b sin a)% oos {na — x(a sin a — b cos a)}dr = ry an1 e—a cos ba dx 
0 


L gle (a cos atb sin a)% sin {na — x(a sin a — b cos a)} de= Í anle sin br dz, 
0 
and therefore taking the case when b=0, 


wo P s : s A © FN T(n) 
$ ate See cos (na -arsin a)de= Í, arie Sdn) 


Í anle 2% cos a sin (na — ax sin a)dx =0. 


If we multiply by cos na and sin na and add, 
and by sin xa and cos na and subtract, 


re n) 


kd 
we obtain [ an—le-12008a cos (ax sin ajdt =— z cos na, | 


o p p Ha 
Í anle 42 8 @ sin (ax sin a)dx= ro sin af 


[Cf. Briot and Bouquet.] 


If y be any other angle, we have upon multiplication by cos y, sin y 
and subtracting, and by sin y, cos y and adding, 


i 


ony gle 4% 008 @ cos (ax sin at y)de=— cos (na +y), 
0 


T(n) 


f PE EE sin (avsina+y)de=— sin (na + y). 
0 


(a</2, l>n>0, a +.) 
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PROBLEMS. 


1. If w?=z-1, examine the value of |” w dz, 
0 
(i) via the branch w=/z- 1 by any path which does not encircle 
the branch-point at z2=1 ; 
(ii) via a path starting with the same branch and encircling the 
branch-point once. j 


2. Find the values of 
sin 2 sin 2 sin z 
jne |e Jem 


taken round a small circle whose centre is at z=a. 


3. Find the values of 


|G hipe lei z4z and hes Tps 


taken round a small circle whose ika is at z=a. 


4, Show that the values of the integral leases taken 
round the circles |z|=1, |z|=3, |z|=5, are respectively 
0, -—m and 0, 
dz 


5. Show that the values of the integral [en 


taken round the circles |z| = 1, |z|=3, |z|=5, |z [|= 7, are respectively 
TL bee | | 

Fi eee 0. 

z?dz 


(2-2)(@-4)(2-6)’ 


taken round the circles |z|=1, |z|=3, |z|=5, |z|=7, are respectively 


6. Show that the values of the integral | 


Ore Sat, | See 


7. Show that the value of the integral | acti taken round 
a contour consisting of the z-axis, the y-axis and the arc of the 


circle |z|=2, which lies in the first quadrant, is r. 
2 
8. Show that the value of the integral [oiar taken 
round a contour consisting of a semicircle of radius greater than 
unity, with centre at the origin and its diameter the y-axis and 


lying towards the positive side of the a-axis, is -Fi and the 
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same integral, taken round the entire circumference of the circle 


Tt 


x+y? +22=0, is Show also that the same integral, taken round 


24° 
9 
the rectangle bounded by x= 0, r=0°75, y= +1, is - F 


9. Show ‘that the integral | taken round a contour 


dz 
. (25 + 1)?” 
which consists of the y-axis and that part of any semicircle |z|> 1, 


which lies on the positive side of the y-axis, is — 47. 
[Forsytu, 7'h. Funct., p. 42.] 


1+274 
round the perimeter of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the axis of x and its centre at 
the origin, that 
i’ xP [i a2Ptlel(2p-+1) 8 x 


Toini I eda 4 mi ac ar DEAN SSE 
-a |l +24 Bihi o l+atee . 2p+1 
pete A T, 


2 
10. If pand q be positive integers, show by integrating | z dz 


and deduce that if 1 > a > 0, 


rae? wit lo ™ 
ol- 7= in ar [MarTu. TRIP., 1887.] 


11. When is a function said to have a pole? Distinguish between 
a pole and an essential singularity ; show that a function which is 


everywhere regular is a constant. 
e dz 


CEDAT where a and b 
are real positive quantities, taken round a suitable boundary, show 
that Aai 2 
ee 26490 yey PA she a 
o (2 - a)? +0? o (a? +0? — 4°)? + 4a?y? beb 
= VIMS vr ° eUa? +b? -y)dy _msina 
o (2-a)? +0? o (@ +2 —y*)?+4a%y? be’? 
[I. C. S., 1908.) 
12. Determine a function which shall be regular within the circle 
|z|=1, and shall have at the circumference of this circle the value 
(a? — 1) cos 0 +i (a? + 1)sin 0 
at — 2a? cos 20 + 1 


From consideration of the integral Í 


where a? > 1, 6 denoting the vectorial angle. (I. C. S., 1909.] 
13. Establish by contour integration the result 
| P a? dx 20% 
o (2? — a*)? + Bx? 20” 
b being positive. M C. S., 1910.] 
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14. By considering the contour integral 
Cedi. 40 1 
h5 Zy ( <a< ) 


round a rectangle of infinite length (x= — œ to +), and finite 
breadth (y=0 to m) with a small semicircle excluding the origin, 


prove that @ gt 
| —— dz =m cosec ta. 
-olt@ [I. €. S., 1903.] 


15. If a, b be two quantities each of the form a + s, explain the 
b 

meaning of the integration Í $(z)dz, and point out in what cases 
a 


the value of the integral is dependent on the path chosen between 
the limits. [St. Joun’s CoLL., 1881.] 


16. Prove that, a being positive, 


el %0 
| eaz cos g? dt = | sin (a? — a?) da’ ; 
0 0 


æ W 
| eas sin x? dg -| cos (œ? — a?) da’. 
0 0 

(Smrru’s PRIZE, 1876.] 


sin z 


17. Evaluate the integral | 527 z dz, taken round the unit circle 


in the counter-clockwise sense, shar’ a is any real number other 
than + 1. (Maru. Trip., Pr. II., 1920.) 


18. Evaluate the integral [Pee dz, taken round the unit 


circle in the counter-clockwise sense, where a is any real number 


other than +1, and the logarithm has its principal value. 
(Matu. Trip., Pr. II., 1920.] 


19. Explain what is meant by a period of an integral of a 
function, and investigate the periods of the integrals 


jr fa - 24 de, fa - 2} dz. 


[Matu. TRIP., Pr. II., 1913.] 


20. Show, by contour integration round an infinite semicircle and 
its diameter, that 


= ghde _T o gtd vy 
ovt+et+l /3’ 9v—-ct+l ' 


2 ab da 4c. © dz -4T ot 
o@+atl 3° 9’ joa@—-a+l 3 g 
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21. Discuss, by contour integration round an infinite semicircle 


p ‘ 
and its diameter, l where p lies between +1 and 
merge a 2242zcosa+l1 


22. Prove that [, 108 cos 6d0=" log 5, by consideration of the 
0 


integral [ios AC +)2 taken round a suitable contour. 


23. By consideration of the integration Jor dz round the peri- 


meter of an infinite rectangle of breadth b/a?, establish Laplace’s 
integral of Art. 1041, a being real. 


24. By consideration of | e~% dz round an infinite rectangle of 
breadth b, a being real and positive, prove that 
co pt 
| emaz oos (Aatba (22 — b2)} de= FT (G). 
0 


evkz 
z+ dat 
a and k are real and positive, show that 


dz round an infinite quadrant, where 


25. By integration of | 


” cos kx T 
tele ia =— g—ka (gj . 
l r+ 4qit ga (sin ka + cos ka) ; 


” sin ka — ekt 
TC 


T . 
i Rage ew P, da = = e-*4(sin ka — cos ka). 
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